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Motivation: Computational Anatomy
Juliette Chevallier

September, 26th 2019

• A wide range of datasets: Images, tensor, meshed surfaces, clinical variables (age,
diagnosis, physiological parameters, etc.)

→ Shape spaces

• Geometric deformations: Deformable template model from [Grenander, 1993],
based on the work of [D’Arcy Thompson, 1942].

→ Riemannian metric: inf
g∈G
{dG(Id, g) | g · x = y} .

Illustration taken from the book On Growth and Form of D’Arcy Thompson. 1
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1. The Usefulness of Studying Longitudinal Riemannian Manifold-Valued Data
2. A Coherent Framework for Longitudinal Observations on a Riemannian Manifold
3. Application to Chemotherapy Monitoring
4. A New Class of EM Algorithms
5. Conclusion and Perspectives
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1.1 Geodesic Regression on Riemannian Manifolds
1.2 Mixed Effects Model for Longitudinal Data
1.3 Spatio-Temporal Models
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Dataset: Repeated observations of a phenomenon (ti, yi) ∈ Rki ×Mki , i ∈ J1, nK.

Geodesic regression model: [Fletcher, 2011] Let p ∈M and v ∈ TM :

yi = Exp
(
Exp (p ; tiv) ; ε

)
, where ε is a r.v. valued in TExp (p ;tiv)M .

• Estimation performed through a least squares method,
• Generalization for multivariate regression [Kim et al., 2014].

Illustration taken from [Fishbaugh et al., 2017]. 3
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A multitude of regression models:

• [Trouvé and Vialard, 2012] Completely different methodology: random perturbation
in the Hamiltonian equations that determine the geodesic flow.
→ Non-parametric spline regression model.

• [Fishbaugh et al., 2017] Based on the deformable template model.
Given M0 and a deformation morphism χ, at each time Mt = χt(M0) .
→ Geodesic regression of shapes model in the framework of LDDMM.
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Dataset: Repeated observations of a phenomenon (ti, yi) ∈ Rki × Rki , i ∈ J1, nK.

Basic idea: Two different types of effects:

• fixed effects shared by all of the individuals in the population,
• random effects specific to each individual.

Linear mixed effects models: [Laird and Ware, 1982]

∀i ∈ J1, nK , yi = Ai α+Bi βi + εi , where εi ∼ N (0,Σ) .
∀j ∈ J1, kiK ,
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Dataset: Repeated observations of a phenomenon (ti, yi) ∈ Rki × Rki , i ∈ J1, nK.

Basic idea: Two different types of effects:

• fixed effects shared by all of the individuals in the population,
• random effects specific to each individual.

Nonlinear mixed effects models: [Sheiner and Beal, 1980, Bates and Watts, 1988]

∀i ∈ J1, nK ,

∀j ∈ J1, kiK ,

 yi,j = f
(
zi; ti,j

)
+ εi,j , where εi,j ∼ N (0, σ) .

zi = Ai α+Bi βi
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Geodesic Hierarchical Regression on Riemannian Manifolds
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Dataset: Repeated observations of a phenomenon (ti, yi) ∈ Rki ×Mki , i ∈ J1, nK.

Geodesic hierarchical regression model: [Muralidharan and Fletcher, 2012]
Individual geodesic trajectories, themselves random perturbations of a mean geodesic path. yi,j = Exp

(
Exp (pi ; ti,jvi) ; εi,j

)
(pi, vi) = ExpS

(
(α, β) ; (qi, wi)

) ,

where ExpS = exponential map associated with Sasaki’s
metric on TM .

• Estimation performed via a least squares method,
• High dependence on the 1st time of measurement.
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Geodesic hierarchical model for diffeomorphisms: [Singh et al., 2013]
Close link between groups of deformations and shape spaces.
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Spatio-Temporal Transformations
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Dataset: n subjects (Si)i∈J1,NK at the corresponding times (tij)i∈J1,NK,j∈J1,kiK.

Spatio-temporal atlas: [Durrleman et al., 2009]

1. Mean trajectory,

Continuous deformation of a template shape: Mt = χt(M0) ,

2. Individual trajectories.

Spatio-temporal deformation of the mean trajectory: Given(
ψi, φi

)
, we enforce the matching of φi

(
M
(
ψi(tij)

))
and Si(tij):

J(χ,M0, ψ
i, φi) =

n∑
i=1


∑
tij

d
(
φi
(
χψi(tij)

(M0)
)
, Si(tij)

)2
+ γ Reg(χ, φi, ψi)

 .

• [Durrleman et al., 2013] Generalization to obtain a generative model,
• Non-parametric model → Difficulties for the estimation,
• [Devilliers et al., 2017] The estimated solution is biased due to noise.
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Spatio-Temporal Transformations
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A growing interest in spatio-temporal models:

• [Yang et al., 2011, Delor et al., 2013] Notion of time warps.

• [Hong et al., 2014] Parametric temporal deformations.
→ Geodesic regression with parametric time warp model.

• Simplified and so efficient algorithmic,
• Only for geodesic regression.

• [Su et al., 2014] Parametrization to geometrically align trajectories.
• Efficient comparison of the trajectories,
• Parametrization does not make sense from a modeling perspective.

• [Schiratti et al., 2015] Hierarchical model for the study of longitudinal data.
→ Generic spatio-temporal model.
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Mixed Effects Models for Geodesically Distributed Data
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Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK .

Generic spatio-temporal model: [Schiratti et al., 2015]
Nonlinear and parametric mixed effects model.
1. Representative trajectory,

Geodesic path:

γ0 : t 7→ Exp t0 (p0, v0) (t) ,

2. Individual trajectories.

Spatio-temporal deformation of γ0:

γi : t 7→ ηwi
(
γ0 ; ψi(t)

)
, where ψi : t 7→ αi(t− t0 − τi) + t0 .

yi,j = ηwi
(
Exp t0 (p0, v0) ; αi(ti,j − t0 − τi) + t0

)
+ εi,j where εi,j ∼ N (0, σ) .
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A Coherent Framework for Longitudinal
Observations on a Riemannian Manifold

2.1 Generic Mixed Effects Model for
Piecewise-Geodesically Distributed Data

2.2 Toward a Coherent and Tractable Statistical
Generative Model

2.3 Parameters Estimation
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Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK .

And when the data are only piecewise-
geodesically distributed ?

→ Breaking-up times sequence:

tR =
(
−∞ < t1R < . . . < tm−1

R < +∞
)
.

Number of components m known.
Here, m = 2. 11
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The Group-Representative Trajectory γ0
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1. Breaking-up times sequence: tR =
(
−∞ < t1R < . . . < tm−1

R < +∞
)
, m ∈ N .

→ We build γ0 to be geodesic on each ]t`−1
R , t`R] .

2. Template manifold M0 ⊂ Rd geodesically complete,
•
(
γ̄`0
)
`∈J1,mK geodesics on M0 ,

•
(
φ`0
)
`∈J1,mK isometries defined on M0 ;

3. ∀` ∈ J1,mK, M `
0 = φ`0(M0) and γ`0 = φ`0 ◦ γ̄`0 ;

4. Piecewise-geodesic curve: γ0 = γ1
0 1]−∞,t1R] +

m−1∑
`=2

γ`0 1]t`−1
R ,t`R] + γm0 1]tm−1

R ,+∞[

5. Boundary conditions on the rupture times to ensure continuity.

12

γ0

• γ0(t1R)

• γ0(t2R)
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13

Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK
m diffeomorphic components.

M0 −
(
γ̄`0
)
`

M1
0 M `

0 Mm
0

γ0 γ1
0 = φ1

0 ◦ γ̄1
0 γ`0 = φ`0 ◦ γ̄`0 γm0 = φm0 ◦ γ̄m0

γi γ1
i = φ1

i ◦ γ1
0 ◦ ψ1

i γ`i = φ`i ◦ γ`0 ◦ ψ`i γmi = φmi ◦ γm0 ◦ ψmi

yi,j = γi(ti,j) + εi,j

1. Population variable:
zpop ←→ (φ`0)`∈J1,mK ;

2. Individual (spatial and
temporal) variables:
zi = (zφi , z

ψ
i )←→ (φ`i , ψ`i )`∈J1,mK ;

3. Gaussian noise: σ ←→ εi,j ∼ N (0, σ2) .
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yi,j = γi(ti,j) + εi,j

1. Population variable:
zpop ←→ (φ`0)`∈J1,mK ;

2. Individual (spatial and
temporal) variables:
zi = (zφi , z

ψ
i )←→ (φ`i , ψ`i )`∈J1,mK ;

3. Gaussian noise: σ ←→ εi,j ∼ N (0, σ2) .
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Let i ∈ J1, nK. We build γi to derive from γ0 through spatiotemporal transformations.

1. Space warps (φ`i)`∈J1,mK defined in view of applications,
diffeomorphics, satisfy φ`i ◦ γ`0(t`R) = φ`i ◦ γ

`+1
0 (t`R) ;

2. Time warps (ψ`i )`∈J1,mK: Let (α`i)`∈J1,mK ∈ Rm+ and τ1
i ∈ R,

t`R,i := t`−1
R + τ `i + t`R−t

`−1
R

α`
i

, τ `+1
i := t`R,i − t`R and ψ`i : t 7→ α`i

(
t− t`−1

R − τ `i
)

+ t`−1
R ;

3. γ`i := φ`i ◦ γ`0 ◦ψ`i and γi = γ1
i 1]−∞,t1R,i]

+
m−1∑
`=2

γ`i 1]t`−1
R,i ,t

`
R,i]

+ γmi 1]tm−1
R,i ,+∞[

4. Gaussian noise: yi,j = γi(ti,j) + εi,j where εi,j ∼ N (0, σ2) and σ ∈ R+.

14

γ`0
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Generative Model

2.3 Parameters Estimation
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Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK, m diffeomorphic components.

A parametric model:
• Population variable: zpop ∈ Zpop ⊂ Rppop ;
• Individual variables: zi ∈ Zi ⊂ Rpind .

Parameters: θ = (zpop , zi , σ) ;
Θ = Zpop ×Zi × R+.
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Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK, m diffeomorphic components.

A parametric model:
• Population variable: zpop ∈ Zpop ⊂ Rppop ; [Kuhn and Lavielle, 2005]

Problem: Our model doesn’t belong to the curved exponential family.
Solution: zpop ∼ N (zpop,D−1

pop) , with Dpop = σ2
popIppop .

• Individual variables: zi ∈ Zi ⊂ Rpind .

Parameters: θ = (zpop , zi , σ) ;
Θ = Rppop ×Zi × R+.

Hyper-parameter: σpop ∈ R+.
15



Toward a Coherent and Tractable Statistical Generative Model
Juliette Chevallier

September, 26th 2019

Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK, m diffeomorphic components.

A parametric model:
• Population variable: zpop ∼ N (zpop,D−1

pop) ∈ Zpop , with Dpop = σ2
popIppop .

• Individual variables: zi ∈ Zi ⊂ Rpind ;
Problem: interested in the individual behaviours w.r.t. the characteristic one.
Solution: zi ∼ N (0,Σ) , where Σ ∈ S+

pind(R).

Parameters: θ = (zpop , Σ , σ) ;
Θ = Rppop × S+

pind(R)× R+.

Hyper-parameter: σpop ∈ R+.
15
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Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK, m diffeomorphic components.

A parametric model:
• Population latent variable: zpop ∼ N (zpop,D−1

pop) ∈ Zpop , with Dpop = σ2
popIppop .

• Individual latent variables: zi ∼ N (0,Σ) , where Σ ∈ S+
pind(R).

Parameters: θ = (zpop , Σ , σ) ;
Θ = Rppop × S+

pind(R)× R+.

Hyper-parameter: σpop ∈ R+.

15

A hierarchical model: z = (zpop, zi)
y | z, θ ∼

n⊗
i=1

ki⊗
j=1
N
(
γi(ti,j), σ2

)

z | θ ∼ N (zpop,D−1
pop)

n⊗
i=1
N (0,Σ)
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Dataset: (ti, yi) ∈ Rki × Rkid, i ∈ J1, nK, m diffeomorphic components.

A parametric model:
• Population latent variable: zpop ∼ N (zpop,D−1

pop) ∈ Zpop , with Dpop = σ2
popIppop .

• Individual latent variables: zi ∼ N (0,Σ) , where Σ ∈ S+
pind(R).

Parameters: θ = (zpop , Σ , σ) ;
Θ = Rppop × S+

pind(R)× R+.

Hyper-parameters: σpop ∈ R+,
V ∈ S+

pind(R), v, mΣ, mσ ∈ R .

15

A hierarchical model: z = (zpop, (zi)i)

y | z, θ ∼
n⊗
i=1

ki⊗
j=1
N
(
γi(ti,j), σ2

)

z | θ ∼ N (zpop,D−1
pop)

n⊗
i=1
N (0,Σ)

(Σ, σ) ∼ W−1 (V,mΣ)⊗W−1 (v,mσ)
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2.1 Generic Mixed Effects Model for
Piecewise-Geodesically Distributed Data

2.2 Toward a Coherent and Tractable Statistical
Generative Model

2.3 Parameters Estimation
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Theorem: Existence of the MAP estimator
Given a piecewise-geodesic model and the choice of probability distributions for the
parameters and latent variables of the model, for any dataset (ti,j , yi,j)(i,j)∈J1,nK×J1,kiK,
there exists θ̂MAP ∈ argmax

θ∈Θ
q
(
θ|y
)
.

16



Consistency of the Maximum A Posteriori estimator
Juliette Chevallier

September, 26th 2019

Admissible parameters: For all ω ∈ R, let E∗(ω) = sup
θ∈Θω

EP (dy) [ log q(y|θ) ] and

Θω
∗ =

{
θ ∈ Θω

∣∣∣ ‖ zpop ‖2 6 ω ∧ EP (dy) [ log q(y|θ) ] = E∗(ω)
}
.

Two kinds of latent variables: critical vs regular: z =
(
zcritpop, z

reg
pop , ( zcriti , zregi )i

)
Critical variables induce critical trajectories

Ind. traj. grow super-linearly w.r.t. regular variables

17

∀v ∈ J1, pcritpop + pcritind K, there exists γcriti,v s.t.

lim
|(zcritpop,z

crit
i )v |→+∞

~γi(zpop, zi) = γcriti,v

and Lki({yi = γcriti,v }) = 0 .

∀v ∈ J1, pregpop + pregindK, there exists ai,v, bi,v

• depend only of (zregpop, z
reg
i )−v ,

• ai,v(zreg−v) > 0 ; ai,v(zreg−v) = 0 iff zreg−v = 0 .

‖~γi(zpop, zi)‖∞ > ai,v(·)|(zregpop, z
reg
i )v|+ bi,v(·) .
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Consistency of the Maximum A Posteriori Estimator
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(H 1) p` = ppop + ` pind <
∑̀
i=1

ki ; (H 2) Times of registration ti i.i.d;

(H 3) P (dy`) is continuous with polynomial tail decay of degree bigger than p` + 1, apart
from a compact K ⊂ Rk` ;

(H 4) Latent variables are either critical or regular.

Theorem: Consistency of the MAP estimator

Assume that there exists ` ∈ J1, nK s.t. (H 1-4) hold. Let (θ̂m)m∈N denote any MAP
estimator. Then Θω

∗ 6= ∅ and for any ε ∈ R∗+,

lim
m→∞

P
[
δ(θ̂m,Θω

∗ ) > ε
]

= 0

where δ in any metric compatible with the topology on Θω. 18
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Sketch of the proof: Consider the Alexandrov one-point compactification Θω = Θω ∪ {∞}.

1. Main difficulty: To prove that Θω
∗ 6= ∅.

2. Given Θω
∗ 6= ∅, we follow the classical analysis of [van der Vaart, 2000].

19
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Sketch of the proof: Consider the Alexandrov one-point compactification Θω = Θω ∪ {∞}.

1. Main difficulty: To prove that Θω
∗ 6= ∅.

1.1 θ 7→ EP (dy`) [ log q(y|θ) ] is continuous on Θω. So, if for any sequence (θκ)κ s.t.

lim
κ→∞

θκ ∈ Θω \Θω, lim
κ→+∞

EP (dy`)

[∑̀
i=1

log q(yi|θκ)
]

= −∞ then Θω
∗ 6= ∅ .

1.2 Negative part: lim
κ→∞

∑̀
i=1

log q (yi|θκ) = −∞ P (dy`) a.s. for such any sequence (θκ)κ.

From the monotone convergence theorem we then have lim inf
κ→+∞

EP (dy`)

[(
fκ(y`)

)−] = +∞ ;

1.3 Positive part: EP (dy`)

[
sup
θ∈Θ

(∑̀
i=1

log q(yi|θ)
)+ ]

< +∞.

So, according to the dominated convergences theorem, lim
κ→+∞

EP (dy`)

[(
fκ(y`)

)+] = 0 ;

2. Given Θω
∗ 6= ∅, we follow the classical analysis of [van der Vaart, 2000]. 19
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Application to Chemotherapy Monitoring

3.1 The Piecewise-Logistic Curve Model: Chemotherapy
Monitoring through RECIST Score

3.2 The Piecewise-Geodesic Shape Model:
Chemotherapy Monitoring through Anatomical
Shapes
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growth;
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We set m = 2, d = 1 and M0 = ]0, 1[ equipped with
the logistic metric. Let ν ∈ R.

1. Representative path γ0:
• M0 is map onto ]γescap0 , γ init0 [ and ]γescap0 , γfin0 [

through affine transformations,
• require that γ1

0(tR) = γ2
0(tR) = γescap0 + ν ,

γ1
0(t0) = γ init0 − ν and γ2

0(t1) = γfin0 − ν ;

2. Individual trajectories γi:
• Time warps (ψ1

i , ψ
2
i ): We set α`i = eξ`i ,

ψ`i : t 7→ eξ
`
i
(
t− t0

)
+ t0 + τi ;

• Space warps (φ1
i , φ

2
i ): Given (ρ1

i , ρ
2
i , δi) ∈ R3,

φ`i : x 7→ eρ
`
i
(
x− γ0(tR)

)
+ γ0(tR) + δi .
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We set m = 2, d = 1 and M0 = ]0, 1[.

1. Representative path γ0: succession of two
logistics curves between γ init0 , γescap0 and γfin0 ;

2. Individual trajectories γi: Space and time warps

ψ`i : t 7→ eξ`i
(
t− t0

)
+ t0 + τi ,

φ`i : x 7→ eρ`i
(
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)
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We set m = 2, d = 1 and M0 = ]0, 1[.

1. Representative path γ0: succession of two
logistics curves between γ init0 , γescap0 and γfin0 ;

2. Individual trajectories γi: Space and time warps

ψ`i : t 7→ eξ`i
(
t− t0

)
+ t0 + τi ,

φ`i : x 7→ eρ`i
(
x− γ0(tR)

)
+ γ0(tR) + δi ;

3. Latent variables: zpop =
(
γ init0 , γescap0 , γfin0 , tR, t1

)
and zi =

(
ξ1
i , ξ

2
i , τi, ρ

1
i , ρ

2
i , δi

)
;

4. Parameters: θ =
(
γ init0 , γescap0 , γfin0 , tR, t1,Σ, σ

)
.
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Dataset Sample
γ init0 γescap0 γfin0 tR t1size n

50 6.03 (0.32) 10.25 (0.50) 3.69 (0.25) 1.95 (0.13) 2.43 (0.18)
100 2.19 (0.17) 3.28 (0.22) 2.07 (0.18) 1.69 (0.11) 1.86 (0.17)
250 1.30 (0.10) 1.96 (0.13) 1.53 (0.08) 0.78 (0.06) 1.67 (0.09)

Noisy 50 3.74 (0.26) 25.73 (1.64) 6.84 (0.40) 3.32 (0.26) 3.73 (0.26)
& Weakly 100 2.35 (0.15) 12.20 (0.64) 1.35 (0.09) 2.98 (0.22) 2.29 (0.18)
Riemannian 250 1.70 (0.12) 3.94 (0.29) 1.33 (0.09) 1.36 (0.10) 1.51 (0.10)

50 71.13 (1.33) 100.24 (8.09) 90.73 (2.54) 7.78 (0.56) 46.39 (1.32)
100 58.73 (0.98) 58.88 (3.00) 84.99 (1.42) 8.13 (0.57) 42.06 (1.04)
250 67.49 (0.47) 23.12 (1.54) 57.82 (0.74) 6.01 (0.33) 38.09 (0.36)

Noisy 50 41.61 (1.26) 29.86 (2.53) 46.38 (1.60) 9.04 (0.58) 29.90 (0.58)
& Strongly 100 60.39 (0.81) 28.43 (2.06) 58.35 (1.07) 8.11 (0.54) 29.75 (0.50)
Riemannian 250 55.89 (0.74) 15.56 (0.98) 59.90 (0.58) 3.26 (0.25) 39.28 (0.43)

24

Quasi
Euclidean

Strongly
Riemannian
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Application to Chemotherapy Monitoring

3.1 The Piecewise-Logistic Curve Model: Chemotherapy
Monitoring through RECIST Score

3.2 The Piecewise-Geodesic Shape Model:
Chemotherapy Monitoring through Anatomical
Shapes
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26

Build on the work of [Bône et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path γ0: Given
• Rupture shape yR ∈M ⊂ Rd and time tR ,

• Set of ncp rupture control points cR ∈ Rncpd,
• Backward and forward momenta m1

R,m
2
R ∈ Rncpd.

γ0 : t 7→ ExpcR,tR,−t(m1
R) ◦ yR 1]−∞,tR](t)

+ ExpcR,tR,t(m2
R) ◦ yR 1[tR,+∞[(t) ,

Velocity vectors:
v1
R = 〈 cR | m1

R 〉 and v2
R = 〈 cR | m2

R 〉.

�R
d

ambient
space M

shapes
space

γ0

•yR = γ0(tR)

v2
R

v1
R

�
Rncpd

control points’
space

m2
R

m1
R

•cR
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Build on the work of [Bône et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path γ0: Given yR, tR , cR, m1
R and m2

R.

γ0 : t 7→ ExpcR,tR,−t(m1
R) ◦ yR 1]−∞,tR](t)

+ ExpcR,tR,t(m2
R) ◦ yR 1[tR,+∞[(t) ,

2. Individual trajectories γi:
• Time warp: ψ1

i : t 7→ eξ1
i (t− tR − τi) + tR

and ψ2
i : t 7→ eξ2

i (t− tR − τi) + tR ,
�Rd

ambient
space

M

shapes
space

γ0
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• Time warp: ψ1

i : t 7→ eξ1
i (t− tR − τi) + tR

and ψ2
i : t 7→ eξ2

i (t− tR − τi) + tR ,

• Space warp: Exp-parallelism of γ0

ηw : t 7→ Expc(t),0,1 (Pt(w))

where c(t) = ExpcR,tR,−t(m1
R) ◦ cR 1]−∞,tR](t) + ExpcR,tR,t(m2

R) ◦ cR 1[tR,+∞[(t)
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Build on the work of [Bône et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path γ0: Given yR, tR , cR, m1
R and m2

R.

γ0 : t 7→ ExpcR,tR,−t(m1
R) ◦ yR 1]−∞,tR](t)

+ ExpcR,tR,t(m2
R) ◦ yR 1[tR,+∞[(t) ,

2. Individual trajectories γi: Given ξ1
i , ξ2

i , τi and wi,

γi : t 7→ ηwi(ψ1
i (t)) ◦ yR 1]−∞,tiR](t)

+ ηwi(ψ2
i (t)) ◦ yR 1[tiR,+∞[(t)

3. Independent Component Analysis: wi = Asi .
zpop = (yR, cR,m1

R,m
2
R, tR, A) and zi = (ξ1

i , ξ
2
i , τi, si) .
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yR tR
Template

tiR
Individuals

reconstruction reconstruction

1.30 0.01 9.72 0.31 (0.41) 7.94 (5.91)

(a) Template (b) One subject
Sample vs Reconstruction – 3D Shapes 28



A New Class of EM Algorithms

4.1 A Brief Review of the EM-like Algorithms
4.2 A New Stochastic Approximation Version of the EM

Algorithm
4.3 A Tempering Version of the SAEM Algorithm
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The Expectation-Maximization algorithm

29

Let Y ⊂ Rny , Z ⊂ Rnz and Θ ⊂ Rnθ .

MLE: Given yn1 = (y1, . . . , yn) ∈ Yn,

θ̂MLE
n ∈ argmax

θ∈Θ
q
(
yn1 ; θ

)

E-step: Conditional expected log-likelihood

Q(θ|θk) =
∫
Z

log q(y, z; θ) q(z|y; θk) dµ(z) ;

M-step: Maximize Q( · |θk) in Θ:
θk+1 ∈ argmax

θ∈Θ
Q(θ|θk) .
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The Expectation-Maximization algorithm Convergence for curved exponential families

29

Let Y ⊂ Rny , Z ⊂ Rnz and Θ ⊂ Rnθ .

MLE: Given yn1 = (y1, . . . , yn) ∈ Yn,

θ̂MLE
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θ∈Θ
q
(
yn1 ; θ

)
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∫
Z

log q(y, z; θ) q(z|y; θk) dµ(z) ;

M-step: Maximize Q( · |θk) in Θ:
θk+1 ∈ argmax

θ∈Θ
Q(θ|θk) .

(M1) ∃S : Rny × Rnz → S ⊂ Rns Borel function
Conv(S) ⊂ S,

∫
Z‖S(y, z)‖ q(z|y; θ) dµ(z) < +∞

q(y, z; θ) = exp (−ψ(θ) + 〈 S(y, z) | φ(θ) 〉)

(M2) ψ ∈ C2(Θ,R) and φ ∈ C2(Θ,S) ;

(M3) θ 7→
∫
Z S(y, z)q(z|y; θ) dµ(z) ∈ C1(Θ,S) ;

(M4) ` : θ 7→
∫
Z q(y, z; θ) dµ(z) ∈ C1(Θ,R) and

∂θ

∫
Z
q(y, z; θ) dµ(z) =

∫
Z
∂θ q(y, z; θ) dµ(z) ;

(M5) ∃ θ̂ ∈ C1(θ,S) s.t.
ψ(θ̂(s)) + 〈s|φ(θ̂(s))〉 > ψ(θ) + 〈s|φ(θ)〉 .
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The Expectation-Maximization algorithm Convergence for curved exponential families

29
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(
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q(y, z; θ) = exp (−ψ(θ) + 〈 S(y, z) | φ(θ) 〉)

(M2) ψ ∈ C2(Θ,R) and φ ∈ C2(Θ,S) ;

(M3) θ 7→
∫
Z S(y, z)q(z|y; θ) dµ(z) ∈ C1(Θ,S) ;

(M4) ` : θ 7→
∫
Z q(y, z; θ) dµ(z) ∈ C1(Θ,R) and

∂θ

∫
Z
q(y, z; θ) dµ(z) =

∫
Z
∂θ q(y, z; θ) dµ(z) ;

(M5) ∃ θ̂ ∈ C1(θ,S) s.t.
ψ(θ̂(s)) + 〈s|φ(θ̂(s))〉 > ψ(θ) + 〈s|φ(θ)〉 .

Convergence EM – [Delyon et al., 1999]
Assume (M1-5) and that (θk)k∈N remains
in a compact subset. Then, for any initial
point, lim

k→∞
d(θk,L) = 0 ,

where L = { θ ∈ Θ | ∂θ`(θ) = 0 } .
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Speeding-up EMoo

SAEM

30
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Speeding-up EMoo

M-step

ss

SAEM

GEM – Generalized EM

30

E-step: Compute
Q(θ|θk) = E [log q(Z|y, θk)] ;

M-step: Find θk+1 ∈ Θ s.t.
Q(θk+1|θk) > Q(θk|θk),

[Delyon et al., 1999]
See also Gradient EM [Lange, 1995]
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Speeding-up EMoo

M-step

ss

E-step

��

E-step

((

E-step // SAEM

GEM – Generalized EM SEM – Stochastic EM MCEM – Monte-Carlo EM

30

E-step: Compute
Q(θ|θk) = E [log q(Z|y, θk)] ;

M-step: Find θk+1 ∈ Θ s.t.
Q(θk+1|θk) > Q(θk|θk),

[Delyon et al., 1999]
See also Gradient EM [Lange, 1995]

S-step: Draw an unobserved
sample zk from q( · |y; θk) ;

M-step: Maximize Qk+1:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .

[Celeux and Diebolt, 1985]

S-step: Draw m samples
zjk ∼ q( · |y; θk) ;

E-step: Monte-Carlo estim.

Qk(θ) = 1
m

m∑
j=1

log q(y, zjk; θ) ;

M-step: Maximize Qk+1.

[Wei and Tanner, 1990]
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The SAEM algorithm

31

• Idea: Replace the E-step by a stochastic
approximation,

• Sequence of positive step-size (γk)k∈N.

S-step: Draw zk ∼ q( · |y; θk) ;

SA-step: Update Qk(θ) as
Qk+1(θ) = Qk(θ)

+ γk
(

log q(y, zk; θ)−Qk(θ)
)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .
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The SAEM algorithm Convergence for curved exponential families

31

• Idea: Replace the E-step by a stochastic
approximation,

• Sequence of positive step-size (γk)k∈N.

S-step: Draw zk ∼ q( · |y; θk) ;

SA-step: Update Qk(θ) as
Qk+1(θ) = Qk(θ)

+ γk
(

log q(y, zk; θ)−Qk(θ)
)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .

(SAEM1) γk ∈ [0, 1],
∞∑
k=1

γk =∞ and
∞∑
k=1

γ2
k <∞ ;

(SAEM2) ψ ∈ Cns(Θ,R) and φ ∈ Cns(Θ,S) ;

(SAEM3) E
[
φ(Zk+1)

∣∣Fk] =
∫
Z
φ(z)q(z|y; θk) dµ(z) ;

(SAEM4)
∫
Z
‖S(y, z)‖2 q(y, z; θ) dµ(z) < +∞ .

MCMC-SAEM: Monte-Carlo Markov chain
procedure in the S-step
[Kuhn and Lavielle, 2004]
[Allassonnière et al., 2010]
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The SAEM algorithm Convergence for curved exponential families

31

• Idea: Replace the E-step by a stochastic
approximation,

• Sequence of positive step-size (γk)k∈N.

S-step: Draw zk ∼ q( · |y; θk) ;

SA-step: Update sk(θ) as
sk+1(θ) = sk(θ) + γk

(
S(y, zk)− sk(θ)

)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .

(SAEM1) γk ∈ [0, 1],
∞∑
k=1

γk =∞ and
∞∑
k=1

γ2
k <∞ ;

(SAEM2) ψ ∈ Cns(Θ,R) and φ ∈ Cns(Θ,S) ;

(SAEM3) E
[
φ(Zk+1)

∣∣Fk] =
∫
Z
φ(z)q(z|y; θk) dµ(z) ;

(SAEM4)
∫
Z
‖S(y, z)‖2 q(y, z; θ) dµ(z) < +∞ .

MCMC-SAEM: Monte-Carlo Markov chain
procedure in the S-step
[Kuhn and Lavielle, 2004]
[Allassonnière et al., 2010]

Cvgce SAEM – [Delyon et al., 1999]
Assume (M1-5), (SAEM1-4) and that
(sk)k∈N remains in a compact subset.
Then, for any initial point,

lim
k→∞

d(θk,L) = 0 ,

where L = { θ ∈ Θ | ∂θ`(θ) = 0 } .
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The SAEM algorithm
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• Sequence of positive step-size (γk)k∈N.

S-step: Sample zk under the posterior
density q(·|y; θ) ;

SA-step: Update sk(θ) as
sk+1(θ) = sk(θ) + γk

(
S(y, zk)− sk(θ)

)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .
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The SAEM algorithm The approximated-SAEM algorithm

32

• Sequence of positive step-size (γk)k∈N.

S-step: Sample zk under the posterior
density q(·|y; θ) ;

SA-step: Update sk(θ) as
sk+1(θ) = sk(θ) + γk

(
S(y, zk)− sk(θ)

)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .

• Sequence of approximated-distributions
on Z ×Θ: q̃ = (q̃k)k∈N.

S-step: Sample z̃k under the approximated
density q̃k(·; θk)

SA-step: Update sk(θ) as
sk+1(θ) = sk(θ) + γk

(
S(y, z̃k)− sk(θ)

)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .
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Convergence for curved exponential families The approximated-SAEM algorithm
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We adapt (M1), (SAEM3), (SAEM4) to have
regularity against q and q̃.

Approx: ∀y ∈ Y, ∀K ⊂ Θ compact,

lim
k→∞

{
sup
θ∈K

∫
Z
S(y, z)

(
q̃k(z; θ)

−q(z|y; θ)
)

dµ(z)
}

= 0 .

• Sequence of positive step-size (γk)k∈N.
• Sequence of approximated-distributions
on Z ×Θ: q̃ = (q̃k)k∈N.

S-step: Sample z̃k under the approximated
density q̃k(·; θk)

SA-step: Update sk(θ) as
sk+1(θ) = sk(θ) + γk

(
S(y, z̃k)− sk(θ)

)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .
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Convergence for curved exponential families The approximated-SAEM algorithm

33

We adapt (M1), (SAEM3), (SAEM4) to have
regularity against q and q̃.

Approx: ∀y ∈ Y, ∀K ⊂ Θ compact,

lim
k→∞

{
sup
θ∈K

∫
Z
S(y, z)

(
q̃k(z; θ)

−q(z|y; θ)
)

dµ(z)
}

= 0 .

Convergence approximated-SAEM
Assume (M?1-5), (SAEM?1-4) and the
compactness condition. Then, for any initial
point, lim

k→∞
d(θk,L) = 0 ,

• Sequence of positive step-size (γk)k∈N.
• Sequence of approximated-distributions
on Z ×Θ: q̃ = (q̃k)k∈N.

S-step: Sample z̃k under the approximated
density q̃k(·; θk)

SA-step: Update sk(θ) as
sk+1(θ) = sk(θ) + γk

(
S(y, z̃k)− sk(θ)

)
;

M-step: Maximize Qk+1 in Θ:
θk+1 ∈ argmax

θ∈Θ
Qk+1(θ) .
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Temperatures: T = (Tk)k∈N sequence of positive numbers s.t.
lim
k→∞

Tk = 1. Let cθ(Tk) is a scaling constant.

q̃k(z; θ) = 1
cθ(Tk) q(z|y; θ)1/Tk

In practice: a ∈ [0, 1[, b, c ∈ R .

Tk = 1 + aκ + b sin(κ)
κ

where κ = k + c× r
r

.
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(a) Dataset I (b) Dataset II
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µ0(1)
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(c) Dataset III
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Contributions
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1. Generic approach to study non-monotonous dynamics on Riemannian manifolds:
• Nonlinear mixed effects model,
• Spatio-temporal deformation of a group-representative trajectory;

2. Demonstration of the existence and the consistency of the MAP estimator for this
generic model;

3. Application to chemotherapy monitoring:
• through RECIST score ←→ Piecewise-logistic curve model,
• through Anatomical Shapes ←→ Piecewise-geodesic shape model;

4. New stochastic approximation version of the EM algorithm and demonstration of the
convergence toward local maxima;

5. Building on simulated annealing techniques, an instantiation of this general procedure
to favor convergence toward global maxima. 39
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Shape Spaces
Juliette Chevallier

September, 26th 2019

Deformable template model: [D’Arcy Thompson, 1942, Grenander, 1993].

Let M ⊂ Rd, G a group of deformations and x0 ∈M a template shape.
→ Transitive action of G over M → Shape space G · x0 .

Deformation metric mapping: [Dupuis et al., 1998, Beg et al., 2005]

dG a right-invariant metric on G → dM pseudo-metric on M :

∀x, y ∈M, dM (x, y) = inf
g∈G
{dG(Id, g) | g · x = y} .

The large deformation diffeomorphic metric mapping or LDDMM framework endows (a
restriction of) G with a tractable metric.
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Mixed Effects Models for Geodesically Distributed Data
Juliette Chevallier
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Models in constant improvement:

• [Kim et al., 2014] Generalization of the geodesic hierarchical model.
→ Riemannian nonlinear mixed effects model.yi,j = Exp

(
Exp
(
bi ; Γb,bi(v)

(
αi(ti,j − t0 − τi)

))
; εi,j

)
bi = Exp (b ; ui)

,

where Γb,bi(v) ∈ TbiM = parallel transport of v ∈ TbM from b to bi.
High complexity of the model → impossible to estimate exactly the parameters.

• [Koval et al., 2018] Generic spatio-temporal model for the study of networks.

• [Bône et al., 2018] Generic spatio-temporal model for the LDDMM framework.

• [Debavelaere et al., 2019] Generic spatio-temporal model into a mixture model. 49
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