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Moti ) C . A Juliette Chevallier

otivation: Computational Anatomy epiammtan, T G0

e A wide range of datasets: Images, tensor, meshed surfaces, clinical variables (age,
diagnosis, physiological parameters, etc.)

o Geometric deformations: Deformable template model from [Grenander, 1993],
based on the work of [D'Arcy Thompson, 1942].

Illustration taken from the book On Growth and Form of D'Arcy Thompson. 1
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Motivation: Computational Anatomy Gl £ 555
e A wide range of datasets: Images, tensor, meshed surfaces, clinical variables (age,
diagnosis, physiological parameters, etc.)
— Shape spaces

o Geometric deformations: Deformable template model from [Grenander, 1993],
based on the work of [D'Arcy Thompson, 1942].
— Riemannian metric: ing {dg(Id,g) | g- = =y}.
g€

Illustration taken from the book On Growth and Form of D'Arcy Thompson.
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The Usefulness of Studying Longitudinal
Riemannian Manifold-Valued Data

1.1 Geodesic Regression on Riemannian Manifolds
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Dataset: Repeated observations of a phenomenon (%;,y;) € R¥ x M*i, i ¢ [1,n].

G

Illustration taken from [Fishbaugh et al., 2017].
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Geodesic Regression on Riemannian Manifolds epiammtan, T G0
Dataset: Repeated observations of a phenomenon (%;,y;) € R¥ x M*i, i ¢ [1,n].

Geodesic regression model: [Fletcher, 2011] Let p € M and v € T'M:

yi = Exp(Exp(p;tiv);c), where = isarv. valuedin Tey,i,0M .

e Estimation performed through a least squares method,
e Generalization for multivariate regression [Kim et al., 2014].

L

Illustration taken from [Fishbaugh et al., 2017].
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Geodesic Regression on Riemannian Manifolds Gl £ 555

A multitude of regression models:

e [Trouvé and Vialard, 2012] Completely different methodology: random perturbation
in the Hamiltonian equations that determine the geodesic flow.
— Non-parametric spline regression model.

e [Fishbaugh et al., 2017] Based on the deformable template model.
Given Mj and a deformation morphism y, at each time M; = y(M)) .
— Geodesic regression of shapes model in the framework of LDDMM.



The Usefulness of Studying Longitudinal
Riemannian Manifold-Valued Data

1.2 Mixed Effects Model for Longitudinal Data
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Mixed Effects Model for Longitudinal Data Gl £ 555

Dataset: Repeated observations of a phenomenon (#;,7;) € R¥ x R¥ i ¢ [1,n].

Basic idea: Two different types of effects:

o fixed effects shared by all of the individuals in the population,

e random effects specific to each individual.
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Mixed Effects Model for Longitudinal Data Gl £ 555

Dataset: Repeated observations of a phenomenon (#;,7;) € R¥ x R¥ i ¢ [1,n].

Basic idea: Two different types of effects:

o fixed effects shared by all of the individuals in the population,

e random effects specific to each individual.

Linear mixed effects models: [Laird and Ware, 1982]

Vi € [1,n], v, = Aja+B;i+¢c,, where =, ~ N(0,%).
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Mixed Effects Model for Longitudinal Data Gl £ 555

Dataset: Repeated observations of a phenomenon (#;,y;) € R*¥ x R¥ i € [1,n].

Basic idea: Two different types of effects:

e fixed effects shared by all of the individuals in the population,
e random effects specific to each individual.

Nonlinear mixed effects models: [Sheiner and Beal, 1980, Bates and Watts, 1988]

Vi € [1,n], vi; = f(zistij)+ci;, where &, ~ N(0,0).
Vj e [[1, kz]] . zi = A;a+ B; 5
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Geodesic Hierarchical Regression on Riemannian Manifolds Gl £ 555

Dataset: Repeated observations of a phenomenon (%;,y;) € R¥ x M*i, i ¢ [1,n].

Geodesic hierarchical regression model: [Muralidharan and Fletcher, 2012]
Individual geodesic trajectories, themselves random perturbations of a mean geodesic path.
Yij = Exp(Exp (D itigvi); Eij)
(pi,vi) = Exps ((o, B); (¢, wi))

where Expg = exponential map associated with Sasaki's
metric on T'M.

)

e Estimation performed via a least squares method,

e High dependence on the 1st time of measurement.
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Geodesic Hierarchical Regression on Riemannian Manifolds Gl £ 555

Dataset: Repeated observations of a phenomenon (%;,y;) € R¥ x M*i, i ¢ [1,n].

Geodesic hierarchical regression model: [Muralidharan and Fletcher, 2012]
Individual geodesic trajectories, themselves random perturbations of a mean geodesic path.
Yij = Exp(Exp (D itigvi); Eij)
(pi,vi) = Exps ((o, B); (¢, wi))

where Expg = exponential map associated with Sasaki's
metric on T'M.

) BT —t

e Estimation performed via a least squares method,

e High dependence on the 1st time of measurement.

Geodesic hierarchical model for diffeomorphisms: [Singh et al., 2013]

Close link between groups of deformations and shape spaces.
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Riemannian Manifold-Valued Data

1.3 Spatio-Temporal Models
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Spatio-Temporal Transformations epiammtan, T G0

Dataset: n subjects (S°);ci ] at the corresponding times ());c1 N7, je[1,k,]-

Spatio-temporal atlas: [Durrleman et al., 2009]

1. Mean trajectory,

2. Individual trajectories.
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1. Mean trajectory. Continuous deformation of a template shape: M; = (M),

2. Individual trajectories.
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Spatio-Temporal Transformations epiammtan, T G0

Dataset: n subjects (S°);ci ] at the corresponding times ());c1 N7, je[1,k,]-

Spatio-temporal atlas: [Durrleman et al., 2009]

1. Mean trajectory. Continuous deformation of a template shape: M; = (M),

2. Individual trajectories. Spatio-temporal deformation of the mean trajectory: Given
(4%, ¢") , we enforce the matching of ¢’ (M(zf(fé))) and S*(t}).
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Spatio-Temporal Transformations epiammtan, T G0

Spatio-temporal atlas: [Durrleman et al., 2009]

1. Mean trajectory. Continuous deformation of a template shape: M; = (M),

2. Individual trajectories. Spatio-temporal deformation of the mean trajectory: Given
(¢",¢") , we enforce the matching of ¢ (M(U(f;))) and S*(t}):

n

J06 Mo, 0, 6) = 3437 d (6 (i) (Mo)) Si’(f?))2 + vReg(x, 4", ")

i=1 | ¢
J

e [Durrleman et al., 2013] Generalization to obtain a generative model,
e Non-parametric model — Difficulties for the estimation,

o [Devilliers et al., 2017] The estimated solution is biased due to noise. 7
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Spatio-Temporal Transformations epiammtan, T G0

A growing interest in spatio-temporal models:

e [Yang et al., 2011, Delor et al., 2013] Notion of time warps.

e [Hong et al., 2014] Parametric temporal deformations.
— Geodesic regression with parametric time warp model.
e Simplified and so efficient algorithmic,
e Only for geodesic regression.
e [Su et al., 2014] Parametrization to geometrically align trajectories.
e Efficient comparison of the trajectories,

e Parametrization does not make sense from a modeling perspective.

e [Schiratti et al., 2015] Hierarchical model for the study of longitudinal data.
— Generic spatio-temporal model.
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Mixed Effects Models for Geodesically Distributed Data Gl £ 555

Dataset: (1;,7;) € R¥ x RF, 4 ¢ [1,n]. Vi

Generic spatio-temporal model: [Schiratti et al., 2015] o _
Nonlinear and parametric mixed effects model. \
1. Representative trajectory, oSl d

2. Individual trajectories.

10




Juliette Chevallier

Mixed Effects Models for Geodesically Distributed Data Gl £ 555

Dataset: (1;,7;) € R¥ x RF, 4 ¢ [1,n]. Vi

Generic spatio-temporal model: [Schiratti et al., 2015] o _
Nonlinear and parametric mixed effects model. \
1. Representative trajectory. Geodesic path: e

Yo: t — Exptu (I)O;’UO) (t)7

2. Individual trajectories.

10
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Mixed Effects Models for Geodesically Distributed Data Gl £ 555

Dataset: (1;,7;) € R¥ x RF, 4 ¢ [1,n].

Generic spatio-temporal model: [Schiratti et al., 2015]
Nonlinear and parametric mixed effects model.

1. Representative trajectory. Geodesic path:
Yo: t —= Expy, (po,vo) (t),
2. Individual trajectories. Spatio-temporal deformation of ~q:

vi: t = 0" (y0; ¥i(t)), where it — it —to—7)+to.

10
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Mixed Effects Models for Geodesically Distributed Data Gl £ 555

Dataset: (1;,7;) € R¥ x RF, 4 ¢ [1,n].

Generic spatio-temporal model: [Schiratti et al., 2015]
Nonlinear and parametric mixed effects model.

1. Representative trajectory. Geodesic path:

Yo: t —= Expy, (po,vo) (t),
2. Individual trajectories. Spatio-temporal deformation of ~q:

vi: t = 0" (y0; ¥i(t)), where it — it —to—7)+to.

Ve = 0 (59€pto (po,vo) ; ailtij —to—7)+ to) + cij | where &;; ~N(0,0).
10




A Coherent Framework for Longitudinal
Observations on a Riemannian Manifold

2.1 Generic Mixed Effects Model for
Piecewise-Geodesically Distributed Data
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Mixed Effects Models for Piecewise-Geodesically Distributed Dataseptember 26th 2010

And when the data are only piecewise-
geodesically distributed ?

Dataset: (1;,7;) € R¥ x RF, 4 ¢ [1,n]. Number of components m known.
Here, m = 2. 11
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Mixed Effects Models for Piecewise-Geodesically Distributed DataSeptember 26th 2010

Dataset: (1;,7;) € R¥ x RF, 4 ¢ [1,n].

And when the data are only piecewise-
geodesically distributed ?

— Breaking-up times sequence:

tp=(—00 <th<..<tp ™' < +o0).

Number of components m known.
Here, m = 2. 11
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The Group-Representative Trajectory ~q Gl £ 555

1. Breaking-up times sequence: tp = (—oo < t}{ <...< t}’{"_l < —i—oo) ,mEN.

Yo — We build 7o to be geodesic on each ]t'; ", 5] .

Y0 (t%)

Yo (tk)

12
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The Group-Representative Trajectory ~q Gl £ 555

1. Breaking-up times sequence: tp = (—oo < t}{ <...< t}g’_l < —i—oo) ,mEN.

Yo — We build 7o to be geodesic on each ]t'; ", 5] .

2. Template manifold My C R? geodesically complete,
o (%)qu my Beodesics on My,

Y0 (%) o (®6)£€ﬂ1,mﬂ isometries defined on My ;

Yo (tk)
3. Ve l,m], M{=¢5(My) and ~§=oho7s;

12
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The Group-Representative Trajectory ~q Gl £ 555

1. Breaking-up times sequence: tp = (—oo < t}{ <ty L« —i—oo) ,mEN.

Yo — We build 7o to be geodesic on each ]t'; ", 5] .

2. Template manifold My C R? geodesically complete,
° (%)qu,mﬂ geodesics on My,
Y0 (%) o (®6)£€ﬂ1,mﬂ isometries defined on My ;

Yo (tk)
3. Ve l,m], M{=¢5(My) and ~§=oho7s;

m—1
4. Piecewise-geodesic curve: |vo = 73 ]1]_00, 4F E 'y (it ) + 10" ]l]fmfl +oo]
k] ‘R 3
(=2

5. Boundary conditions on the rupture times to ensure continuity. 12
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A Geometric Model September, 26th 2019

Mo | — =/
Dataset: (1;,1;) € R¥ x RFid i ¢ [1,n] (%),
m diffeomorphic components.

13
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A Geometric Model September, 26th 2019

(=t
Dataset: (1;,1;) € R x RFid j ¢ [1,n] | (36),
m diffeomorphic components. o iof’, O
Tz v
1. Population variable: ‘ _ ‘ _ ‘ S
F (Y0) <+ =¥ °% % = 66 0% W = o o A

Zpop < (¢6)£e[1,mﬂ ;

13
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)
. d Mo |—
Dataset: (t;,y;) € RF x RFid, i € [1,n] 1 (36),
. . o G)m,
m diffeomorphic components. 2 iof’, §
M3 3
1. Population variable: ‘ _ ‘ _ ‘ _
i ¢ (Y0) <+ =¥ °% V6 = 06076 W= 65 oV
Zpop = (00)eefi,m] ;
()‘ 1 ‘l [ (! (““)I” U‘;;n,
2. Individual (spatial and . R o
_ oy _ 4l ol m o __ m m [ym
temporal) variables: DO A (I A At I A LR O A [ IR

0

zZ; = (/jj 57‘,.‘”) PRI ((,)f

(2

i“’g)fe[[l,m}] )

13
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A Geometric Model

=0
. a - Mo | —
Dataset: (1;,1;) € R x RFid j ¢ [1,n] (%),
. . b5 N b0
m diffeomorphic components. 8%
M M
1. Population variable: 1 ‘\1 1 ‘ ‘ ¢ ¢ ‘ _
, (F0) <75 = ¢ °% % = 06 ° %6 W = oA
Zpop = (00)eefi,m] ;
! "’1 Py (.):I),A,l“!:n
2. Individual (spatial and N . .
. < v; = @; O o Y; ¢ = ¢ ok o)t m — ™ o 4™ o Y™
tempora/) Var/ables.' i 0 Yo i Vi Di © Yo i Vi 4 Yo i
Y (P Y VAN .
zZi = (/"j y % ) < ((;)ij ,/:)ge[ﬂ,mﬂ y \ /
3. Gaussian noise: o < =; ; ~ N(0,0?). Yig = %iltig) + €ig

13
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Let ¢ € [1,n]. We build ~; to derive from 7 through spatiotemporal transformations.

vﬁ\/‘\

14
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Individual Trajectories +; — Space and Time Warping
Let ¢ € [1,n]. We build ~; to derive from 7 through spatiotemporal transformations.

1. Space warps ((f)g’)ge[[l’m]] defined in view of applications,

e _ e et O
Vi = ¢ 000U ‘
\/.[/\é diffeomorphics, satisfy ¢/ o 4§(t%;) = & o5 (th);
®i, Y5
%
\_/'@/—\ 2. Time warps (1;)¢ef1,m]: Let (Oif)geﬂlym] €RT and 7! €R,
. =t prf4 Bl t , Tl =t 1 and gl t e al(t -t T + i

September, 26th 2019

14
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Individual Trajectories +; — Space and Time Warping Gl £ 555

Let ¢ € [1,n]. We build ~; to derive from 7 through spatiotemporal transformations.

1. Space warps ((f)g’)ge[[l’m]] defined in view of applications,

¢_ ool O
Vi = ¢ oo ‘
\/://: diffeomorphics, satisfy ¢/ o 4§(t%;) = & o5 (th);
%
\_/'@/—\ 2. Time warps (1;)¢ef1,m]: Let (Oif)geﬂlym] €RT and 7! €R,
M, = bt BT Bt and b b e al(t— i —rf) £ 15
m—1
RV Y Al ¢ m
3. v = diopot; and Vi = Vi ]l}foo,t}{,i] + 2 Vi ]l}tf{fvtfz,i} + % ]l]t;g;l,—&-oo[

Gaussian noise: y; j = vi(t; ;) + ;. ; where =, ; ~ N(0,0%) and o € RT. 14




A Coherent Framework for Longitudinal
Observations on a Riemannian Manifold

2.2 Toward a Coherent and Tractable Statistical
Generative Model
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Toward a Coherent and Tractable Statistical Generative Model s
eptember, 26th 2019

Dataset: (1;,1;) € R* x R i c [1,n], m diffeomorphic components.

A parametric model:
e Population variable: zpop € Zpop C RPPoP ;

e Individual variables: z; € Z; C RPind |

Parameters: 0 = (zpop, 2i, 0) ;

15
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Toward a Coherent and Tractable Statistical Generative Model s
eptember, 26th 2019

Dataset: (1;,1;) € R¥ x R, i ¢ [1,n], m diffeomorphic components.

A parametric model:
 Population variable: zpop € Zpop C RPPp 5 [Kuhn and Lavielle, 2005]
Problem: Our model doesn't belong to the curved exponential family.

; — 2
s With Dpop = 050pLppep-

. -1
Solution: zpep ~ N(Zpop7 Dpop)

e Individual variables: z; € Z; C RPind

Parameters: 0 = (Zy0p, 2, 0) ;
O =RPrer x Z; x RT.

Hyper-parameter: oo, € RT.
15
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Toward a Coherent and Tractable Statistical Generative Model s
eptember, 26th 2019

Dataset: (1;,1;) € R¥ x R, i ¢ [1,n], m diffeomorphic components.

A parametric model:

L) € Zpop, With Dpop = 025,

e Population variable: zpop ~ N (Zpop, Dpop A

e Individual variables: z; € Z; C RPind ;
Problem: interested in the individual behaviours w.r.t. the characteristic one.
Solution: z; ~ N(0,X), where ¥ € §f (R).

Parameters: 0 = (Zyop, >, 0) ;
O = RP» x S (R) x RY.

Hyper-parameter: oy, € RT.

15
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Toward a Coherent and Tractable Statistical Generative Model s
eptember, 26th 2019

Dataset: (1;,1;) € R¥ x R, i ¢ [1,n], m diffeomorphic components.

A parametric model:

€ Zpop , With Dpop = 02,1

e Population latent variable: zyo, ~ N (Zpop, D TN

pop)
o Individual latent variables: z; ~ N'(0,%), where ¥ € St (R).

Parameters: 0 = (Zpop, 2, 0) ; A hierarchical model: » = (2pqp, 2;)
O =RP» x S (R) x RY. n ki
y|z,0 ~ ®®N(%(tm)w2>
i=1 j=1
Hyper-parameter: oo, € RT. n
z | 0 ~ N(Zpopvpp_olp) ®N(07 Z)

i=1 15
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Toward a Coherent and Tractable Statistical Generative Model s
eptember, 26th 2019

Dataset: (1;,1;) € R¥ x R, i ¢ [1,n], m diffeomorphic components.

A parametric model:

€ Zpop » With Dpop = 02,1,

e Population latent variable: zpop ~ N (Zpop, D 2 op Lppen-

pop
e Individual latent variables: z; ~ N'(0,%), where ¥ € S (R).

A hierarchical model: > = (2y0p, (2i)i)

n k;
ylz0 ~ QN (viltiz), 0?)

il il
z]0 ~ N(Zpopypp_olp) ®N(O, 3)
i=1
(Z,0) ~ W (V,ms) @ W (v,m,) 15

Parameters: 0 = (Z0p, >, 0) ;
O = RP» x §f (R) x RY.

Hyper-parameters: oo, € R,
Vest (R), v, mg, ms €R.




A Coherent Framework for Longitudinal
Observations on a Riemannian Manifold

2.3 Parameters Estimation
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Existence of the Maximum A Posteriori estimator
September, 26th 2019

Theorem: Existence of the MAP estimator

Given a piecewise-geodesic model and the choice of probability distributions for the
parameters and latent variables of the model, for any dataset (%; j, ¥i.j) (i j)e[1,n] x[1,k:]"
there exists Oyap € argmax q(0y).

0cO

16
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Admissible parameters: For all w € R, let E*(w) = sup Ep(q,) [logq(y|#)] and
feev ‘

v = {6 € e \ | Zpop l2 < w A Ep(ay) [logq(y]0) ] = E*(w) }

17
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Admissible parameters: For all w € R, let E*(w) = sup Ep(qy) [logq(y|0)] and
0cew

07 ={0€6° | | Zpopll2 <w A Epgay) [loga(yl0)] = E*(w) }.

H H . iti . _ crit _reg crit _regy
Two kinds of latent variables: critical vs regular: = = (zpop, Zpop 5 (257, 2; )1>

17
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Admissible parameters: For all w € R, let E*(w) = sup Ep(qy) [logq(y|0)] and
0cew

07 ={0€6° | | Zpopll2 <w A Epgay) [loga(yl0)] = E*(w) }.

crit reg (Zcrlt Zfeg)l_>

Two kinds of latent variables: critical vs regular: z = ( Zpops Zpop 1 ) %4

Critical variables induce critical trajectories

Yo € [1,phas + Dind ], there exists 75" s

. = ~ crit
[(zcrit clrlutr)n| 4 ’Yi(zpopvé") Yiv
2CMt 2¢t) | =400
pop %

and Ly, {yi = ’yfgt )=0. 17
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Admissible parameters: For all w € R, let E*(w) = sup Ep(qy) [logq(y|0)] and
0cew

07 ={0€6° | | Zpopll2 <w A Epgay) [loga(yl0)] = E*(w) }.

Two kinds of latent variables: critical vs regular: = = ( 250t Zpop » (25T, zireg)i>

Critical variables induce critical trajectories | Ind. traj. grow super-linearly w.r.t. regular variables
Yu € ﬂl,pgﬂg P, there exists 'yc”t t. | Vv € [1, ppds + ping], there exists a; v, by
" e depend only of (2%, /%)
lim Vi (Zoop, i o -
| (2555 ,25™) v |+00 ’YZ( pop? L) Tiw ® aip(+%) 20 ; aiu(=%)=0iff Zre% =0.

(2000 %5 2 )u| + biw () -

and ﬁki({yl ’Yfgt )_ 0. ||'7i(2pop7zi)Hoo Z (-
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Consistency of the Maximum A Posteriori Estimator Gl £ 555

¢
(H1) p* = ppop + £Ping < Z ki (H2) Times of registration ¢; i.i.d;
i=1
(H3) P(dy®) is continuous with polynomial tail decay of degree bigger than p’ + 1, apart
from a compact K C RF';

(H4) Latent variables are either critical or regular.

Theorem: Consistency of the MAP estimator

Assume that there exists £ € [1,7] s.t. (H1-4) hold. Let (6,,)men denote any MAP
estimator. Then ©% # @ and for any € € R},

lim P |5(6n,0%) > | =0

m—0o0

where § in any metric compatible with the topology on ©“. .
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Sketch of the proof: Consider the Alexandrov one-point compactification ©% = O U {oc}.
1. Main difficulty: To prove that ©Y # @.

2. Given ©Y # &, we follow the classical analysis of [van der Vaart, 2000].

19
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Sketch of the proof: Consider the Alexandrov one-point compactification ©¥ = ©* U {oc}.

1. Main difficulty: To prove that ©Y # @.

1.1 0+ Ep(gye) [logq(yl0) ] is continuous on ©%. So, if for any sequence (0, ) s.t.
¢

lim 6, € 6+ \ 6%, /-;Erfoo Ep(ay®) Zlog q(yi|9,{)] = —oo then ©% # &.

K—00 4
=1

2. Given ©% # &, we follow the classical analysis of [van der Vaart, 2000]. 5
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Consistency of the Maximum A Posteriori estimator Gl £ 555

Sketch of the proof: Consider the Alexandrov one-point compactification ©¥ = ©* U {oc}.
1. Main difficulty: To prove that ©Y # @.

1.1 0+ Ep(gye) [logq(yl0) ] is continuous on ©%. So, if for any sequence (0, ) s.t.
¢

lim 6, € 6+ \ 6%, lml Ep(ayt) Zlogq Yi|0x )] = —00 then OY # & .

K—00
1=1
4

1.2 Negative part: lim Zlogq (yi]0x) = —co P(dy®) a.s. for such any sequence (6).
[amde el
i=1
From the monotone convergence theorem we then have limJirnf Ep(ayt) [(fn(yz))i} = +00;
KR—>+00

¢ +
1.3 Positive part: Epqye [ sup (Z log q(yz|9)> ] < +o0.
0e0 \ 5

So, according to the dominated convergences theorem, hm Ep(dy [(fn( ))T =0;

2. Given ©Y # &, we follow the classical analysis of [van der Vaart, 2000]. 5




Application to Chemotherapy Monitoring

3.1 The Piecewise-Logistic Curve Model: Chemotherapy
Monitoring through RECIST Score



Chemotherapy Monitoring through RECIST Score
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Juliette Chevallier
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o New anti-angiogenic therapies: Patients suffering from the metastatic kidney
cancer take a drug each day [Escudier et al., 2016];

y
: o Tumoral growth: The RECIST score (Response Evaluation Criteria In
Solid Tumors) is a set of published rules that measures the tumoral
growth;
7 e Patient’s response to a given treatment has
‘mi =" generally two distinct phases: first, tumor’s size
% reduces; then, the tumor grows again;

e Practical question: to quantify the correlation between both
phases and to accurately determine when the patient’s
response escape to treatment.

—-8——6 o o
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The Piecewise-Logistic Curve Model

e Y0
400 * 7
g " \\ 1 V2
; ! \\»49/" - =73
‘o k- 4
200 4+—3 9~

o

RECIST score (dimentionless)

0 1,000 2,000
Time (in days)

init

Yo — V7

fin
Yo —V

to th th tr t
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We set m =2, d = 1 and My = |0, 1] equipped with
the logistic metric. Let v € R.

1. Representative path y:

escap _init escap _ fin [

e My is map onto |vg ", " [ and g0, 0
through affine transformations,
esca

e require that 7§ (tr) = 12 (tr) = 72 + v,
’Yé(to) — 'Yionit — v and ’Yg(tl) _ ’Y(f)i" —v;

21



The Piecewise-Logistic Curve Model
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We set m =2, d = 1 and My = |0, 1] equipped with
the logistic metric. Let v € R.

1. Representative path y:

escap _init escap _ fin [

e My is map onto |vg ", " [ and g0, 0

through affine transformations,
esca

e require that 7§ (tr) = 12 (tr) = 72 + v,
’Yé(to) — 'Yionit — v and ’Yg(tl) _ ’Y(f)i" —v;

2. Individual trajectories ;:
o Time warps (1b},1)2): We set of = e’ |
Pt t s el (t—to) +to + 75 ;
o Space warps (¢;,¢7): Given (p;, p;,0;) € R?,

e -
¢f: T > efi (x = 'yo(tR)) +y0(tr) + 6 - o1
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The Piecewise-Logistic Curve Model epiammtan, T G0
;@\ We set m =2, d =1 and My =0, 1].
é 400 z(:
g 72 1. Representative path ~yy: succession of two
! == ‘L init .escap fin.
% 200 - 32 logistics curves between ", 7, and v";
g - . o .
ey e 2. Individual trajectories v;: Space and time warps
) *  to,t1
— £
o o tr fits e (t—to) +to+ T,
o 0 l,QOO ; 2,000 ‘
Time (in days) . ¢f T — eli (.’E _ '.)/O(ZLR)) 4L ’YO(tR) e 5[ :

22
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We set m =2, d=1 and My =0, 1].

'
o
S

1. Representative path ~yy: succession of two
init €scap

logistics curves between ", 7, and ’y(f]i",

[
f=}
fe=}

2. Individual trajectories v;: Space and time warps

o

Lot e (E—to) +to+ i,

[

RECIST score (dimentionless)

0 LO00 2,000
Time (in days) . ¢f T = epi (.’E _ f-)/o(fR)) e PYO(tR) e 5[ 2

init _ )
’ 3. Latent variables: zpop = ( it ~S5C3P Afin 1R, t1>

and z; = (&,&2, 7,0}, 07, 0i) 5

4. Parameters: 6 = (ﬂ/'”'t AP, ,gn,tR,H,E,o) .

22
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(dimentionless)

RECIST score

RECIST score (dimentionless)

Qualitative Performance of the Estimation (n = 250)
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e Estimation performed through the SAEM algorithm ;

Initialization: (true 7o) vs

< mean curve in >
Euclidean setting

+— Weakly or Strongly Riemannian.

init init

Yo

= mean y; 1 ——ini
ie[1,n] AR mean gy, g,
i€[1,n]
~Gscap init
L- o e = mean min _y; j
\ i€[1,n] ]e[[lk]]
O
\ 1
\ /
T - - - Target
Init
— ini 1
Tr ™% = 2 mean tj
2 i€1,n] ki
7oinit L ¢
£y = mean_ty, 23

ie[1,n]



Qualitative Performance of the Estimation (n = 250)

RECIST score (dimentionless)

RECIST score (dimentionless)
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4 true

-tR

— thrue

500 1,000 1,500 2,000 2,500
Individual rupture times (in days)

Strongly Riemannian

= tl true

thrue

1,000 2,000 3,000 4,000
Individual rupture times (in days)

Noisy & Strongly Riemannian

== tl estim

— tRestlm

3,000

== tl estim
R

— tRestim
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Quantitative Performance of the Estimation (n = 250) S —

Sample — =5 = — —

Dataset o yimit 7P »y(f) tr 1
. 50 6.03 (0.32)  10.25 (0.50)  3.69 (0.25) 1.95 (0.13) 2.43 (0.18)
Euclidean 100 219 (0.17) 328 (0.22)  2.07 (0.18) 1.69 (0.11) 1.86 (0.17)
250 130 (0.10)  1.96 (0.13)  1.53 (0.08) 0.78 (0.06) 1.67 (0.09)
Noisy 50 374 (0.26) 2573 (1.64)  6.84 (0.40) 3.32 (0.26) 3.73 (0.26)
& Weakly 100 235 (0.15) 1220 (0.64)  1.35 (0.09) 2.98 (0.22)  2.29 (0.18)
Riemannian =~ 250 = 1.70 (0.12)  3.94 (0.29)  1.33 (0.09) 1.36 (0.10) 1.51 (0.10)
R 50 71.13 (1.33) 100.24 (8.09) 90.73 (2.54) 7.78 (0.56) 46.39 (1.32)
Riemannian 100 58.73 (0.98) 58.88 (3.00) 84.99 (1.42) 8.13 (0.57) 42.06 (1.04)
250 | 67.49 (0.47) 23.12 (1.54) 57.82 (0.74) 6.01 (0.33) 38.09 (0.36)
Noisy 50 | 41.61 (1.26) 29.86 (2.53) 46.38 (1.60) 9.04 (0.58) 29.90 (0.58)
& Strongly = 100 60.39 (0.81) 28.43 (2.06) 58.35 (1.07) 8.11 (0.54) 29.75 (0.50)
Riemannian = 250  55.89 (0.74) 1556 (0.98) 59.90 (0.58) 3.26 (0.25) 39.28 (0.43)

24
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RECIST Score (After 600 Iterations)
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Application to Chemotherapy Monitoring

3.2 The Piecewise-Geodesic Shape Model:
Chemotherapy Monitoring through Anatomical
Shapes



The Piecewise-Geodesic Shape Model
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Build on the work of [Bone et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path ~g: Given
e Rupture shape yg € M C R? and time tp,

L
ambient
space

Nepd

&
control points’

space
7o
YR = Yo(tR)

26
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Build on the work of [Bone et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path ~g: Given

o Rupture shape yr € M C R? and time ¢z, m2,
e Set of n,, rupture control points cp € R"<rd, R 1<
m
e Backward and forward momenta mk, m% € R, R’ Rnerd
é" control points’
space

Yoi t = ExPeptn—t(MR) © YR L)oo s (t)

d
+5xpcR,tR,t(m%%) OYR ll[tRHroo[(t) ) éﬂg Yo

ambient
space

VA

YR = Yo(tR)

26
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Build on the work of [Bone et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path ~g: Given

o Rupture shape yr € M C R? and time ¢z, m2,
e Set of n,, rupture control points cp € R"<rd, R 1<
m
e Backward and forward momenta mk, m% € R, R’ Rnerd
é" control points’
space

Yoi t = ExPeptn—t(MR) © YR L)oo s (t)

+5xpcR,tR,t(m%%) OYR ll[tRHroo[(t) ) éﬂgd

ambient

Velocity vectors: space

vp = (cr|mg ) and v} = (cgr | m% ).

26




The Piecewise-Geodesic Shape Model

Juliette Chevallier

September, 26th 2019

Build on the work of [Bone et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path ~yy: Given yg, tg, cr, mk and m%.

Yo: t — Ea:pCmtR,_t(m}g) °Yr ﬂ]foo,tR](t)

+ EPep it (MR) © YR Ljtp +oo((t)

2. Individual trajectories -;:

e Time warp: 1} : tl—>e§3(t—tR —7;) +tr
and ¥2: tHefg(tftRfTi)thR,

2
”I’H
CR
I
HI,R
: Rncpd

control points’
space

lej
yr = Yo(tr)

2
VR

27
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Build on the work of [Bone et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path ~yy: Given yg, tg, cr, mk and m%.

Yo: t — ExpCmtR,_t(m}g) °Yr ﬂ]foo,tR](t)

+ EPep it (MR) © YR Ljtp +oo((t)

2. Individual trajectories -;:

e Time warp: 1} : tl—>e§3(t—tR —7;) +tr
and ¥2: tHefg(tftRfTi)thR,

e Space warp: Exp-parallelism of ~q

Nw: t = ETPe(t),0,1 (Pi(w))

2
”I’H
CR
I
HI,R
: Rncpd

control points’
space

!

Vp
YR = 'ro(tR)j

"2
VR

where c(t) = Expep tp,—t(My) 0 R N_ootp](t) + ETPeg tr,t(ME) 0 CR Ly 4oof(t) o




The Piecewise-Geodesic Shape Model
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Build on the work of [Bone et al., 2018] ; Applicable either for currents, varifolds, normal cycles.

1. Representative path ~yy: Given yg, tg, cr, mk and m%.

Yo: t — Ea:pCmtR,_t(m}g) °Yr ﬂ]foo,tR](t)

+ EPep it (MR) © YR Ljtp +oo((t)

2. Individual trajectories «y;: Given &}, €2, 7; and w;,

d

Vit t = N, (Y7 () 0 YR Lo (2) LR
ambient

+ Nw; (1/}12(15)) OYR ]l[t’é,—&—oo[(t) space

3. Independent Component Analysis: w; = As; .
Zpop = (?/R: CR, 7”’}{7 TnZRa LR, A) and z; = (571 727 Ti, Si) .

2
”I’H
CR
I
HI,R
: Rncpd

control points’
space

Lflj
yr = Yo(tr)

2
l/H
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Performance of the Estimation st i GG

I Template g Individuals

Yr tr s

reconstruction reconstruction

130 0.01 9.72 0.31 (0.41) 7.94 (5.91)

(a) Simulated tumor (b) Reconstructed tumor (a) Simulated tumor (b) Reconstructed tumor
(a) Template (b) One subject

Sample vs Reconstruction — 3D Shapes 28




A New Class of EM Algorithms

4.1 A Brief Review of the EM-like Algorithms



The E . Maximi q Al ith Juliette Chevallier
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The Expectation-Maximization algorithm

Let Y CR™, Z C R" and © C R™.
MLE: Given ¥} = (y1,.--,Yn) € V",
ﬁ,ﬂfLE € argmax q(y?;@)

6co

E-step: Conditional expected log-likelihood
QI6:) = [ 1oga(y,zi6) a(zly: 1) du(2):

M-step: Maximize Q(-|0x) in ©:
011 € argmax Q(6|6) .
0c®

29




. . . . . Juliette Chevallier
The Expectation-Maximization Algorithm

The Expectation-Maximization algorithm

September, 26th 2019

Convergence for curved exponential families

Let Y C R™, Z C R™ and © C R™.
MLE: Given ¥} = (y1,...,Yn) € V",

ﬁ,ﬂfLE € argmax q(y?;@)
€O

E-step: Conditional expected log-likelihood
QI6:) = [ 1oga(y,zi6) a(zly: 1) du(2):

M-step: Maximize Q(-|0x) in ©:

011 € argmax Q(6|6) .
0cO

(M1) 35 :R™ x R"* — S C R™ Borel function
Conv(S) C 8, [L1IS(y, 2)ll a(=ly; 0) dp(z) < +o0

q(y,20) = exp(—=(0) + ( S(y,2) | $(0) ))

29




The Expectation-Maximization Algorithm

The Expectation-Maximization algorithm

Juliette Chevallier
September, 26th 2019

Convergence for curved exponential families

Let Y C R™, Z C R" and © C R™.
MLE: Given ¥} = (y1,.--,Yn) € V",
QMLE
n

€ argmax q(y?; 0)
6co

E-step: Conditional expected log-likelihood

QI6:) = [ 1oga(y,zi6) a(zly: 1) du(2):

M-step: Maximize Q(-|0x) in ©:
011 € argmax Q(6|6) .
0c®

(M1) 35 :R™ x R"* — S C R™ Borel function
Conv(S) C 8, [L1IS(y, 2)ll a(=ly; 0) dp(z) < +o0

q(y,20) = exp(—=(0) + ( S(y,2) | $(0) ))

(M2) 4 € C2(O,R) and ¢ € C2(O,S);

(M3) 6 — [, S(y,2)a(zly; ) du(z) € C'(6,8);
(M4) 2:0 — fzq y,2;0)du(z) € C1(©,R) and
89/2 (9, 2:0) dpu(2) /aeqy,w)du()

(M5) 34 €C1(9,S) s.t.
p(8(s)) + (sl(8(s))) > ¥(6) + (s6(6)) - 2




The Expectation-Maximization Algorithm

Convergence EM — [Delyon et al., 1999]
Assume (M1-5) and that (6x)ken remains
in a compact subset. Then, for any initial

point, lim d(0, L) =0,
k—o0

where L={0€0|0pl(§) =0}.

E-step: Conditional expected log-likelihood

QI6:) = [ 1oga(y,zi6) a(zly: 1) du(2):

M-step: Maximize Q(-|0x) in ©:
011 € argmax Q(6|6) .
0cO

Juliette Chevallier

September, 26th 2019

Convergence for curved exponential families

(M1) 35 :R™ x R"* — S C R™ Borel function
Conv(S) C 8, [L1IS(y, 2)ll a(=ly; 0) dp(z) < +o0

q(y,20) = exp(—=(0) + ( S(y,2) | $(0) ))

(M2) 4 € C2(O,R) and ¢ € C2(O,S);

(M3) 6 — [, S(y,2)a(zly; ) du(z) € C'(6,8);
(M4) 2:0 — fzq y,2;0)du(z) € C1(©,R) and
89/2 (9, 2:0) dpu(2) /aeqy,w)du()

(M5) 34 €C1(9,S) s.t.
p(8(s)) + (sl(8(s))) > ¥(6) + (s6(6)) - 2
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Variants of the EM Algorithm Gl £ 555

M-step

GEM — Generalized EM

E-step: Compute
Q(00x) = E[log q(Z]y, )] ;

M-step: Find 0,1 € O s.t.
QO +110k) = Q(0k|0k),

[Delyon et al., 1999]
See also Gradient EM [Lange, 1995] 30




Variants of the EM Algorithm

M-step

GEM — Generalized EM

EM

| T
E-step -ste
|

Juliette Chevallier
September, 26th 2019

SAEM

E-step

~

SEM — Stochastic EM

MCEM - Monte-Carlo EM

E-step: Compute
Q(00x) = E[log q(Z]y, )] ;

M-step: Find 0,1 € O s.t.
Q(Ok+110k) = Q(0k|0k),

[Delyon et al., 1999]
See also Gradient EM [Lange, 1995]

S-step: Draw an unobserved

sample zi from q( - |y; 0k) ;

M-step: Maximize Q. 1:

Or+1 € argmax Qp1(0).
GSS}

[Celeux and Diebolt, 1985]

S-step: Draw m samples

2~ a(- 1y Ok) ;
E-step: Monte-Carlo estim.

Qr(0) = %ZlegQ(y,ziﬁ);

j=1
M-step: Maximize Qx+1-

[Wei and Tanner, 1990] 30



The Stochastic Approximation EM Algorithm

The SAEM algorithm

e [dea: Replace the E-step by a stochastic
approximation,

e Sequence of positive step-size (Vk)ken-

S-step: Draw z ~ q( - |y; 0k) ;

SA-step: Update Qx(0) as
Qr+1(0) = Qr(9)
+ % ( log q(y, 215 0) — Qx(0) ) ;
M-step: Maximize Q1 in O:

Ok+1 € argmax Qr41(0).
9cO

Juliette Chevallier
September, 26th 2019
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The Stochastic Approximation EM Algorithm

The SAEM algorithm

Juliette Chevallier
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Convergence for curved exponential families

e |dea: Replace the E-step by a stochastic
approximation,

e Sequence of positive step-size (Vx)ken-
S-step: Draw z; ~ q( - |y; 0k);

SA-step: Update Qx(0) as
Qr+1(0) = Qr(6)

+ vk ( log q(y, zx;0) — Qr(6) ) ;

M-step: Maximize Q1 in O:

Ok+1 € argmax Qr41(0).
06

(SAEM1) v €[0,1], Y v =00 and Y 7 < oo;
k=1 k=1
(SAEM2) 1 € C™(O,R) and ¢ € C™(O,S);

(SAEM3) E[¢(Zk11)|Fx] /¢> (2ly; Or) dp(z) ;

(SAEMA4) /Z 15(, 2)I1? (v, 6) du(z) < +oo.

31




The Stochastic Approximation EM Algorithm

Cvgce SAEM - [Delyon et al., 1999]
Assume (M1-5), (SAEM1-4) and that
(Sk)ken remains in a compact subset.
Then, for any initial point,

lim d(6x, L) =0,
k—oo
where £L={0€0|0yl(§) =0}.
S-step: Draw zi ~ q( - |y; 0);

SA-step: Update s;(0) as

sk+1(0) = sk(0) + v (S(y, zx) — sx(0)) ;

M-step: Maximize Q1 in O:

Ok+1 € argmax Qp+1(0).
0€0

Juliette Chevallier
September, 26th 2019

Convergence for curved exponential families

(SAEM1) vz €[0,1], Y v =00 and Y 7 < oo;
k=1 k=1

(SAEM2) ¢ € C"+(O,R) and ¢ € C"+(©,S) ;

(SAEM3) E[¢(Z11)|Fi] /¢> (zly; Or) dp(z) ;

(SAEMA4) /Z 15(, 2)I1? (v, 6) du(z) < +oo.

MCMC-SAEM: Monte-Carlo Markov chain
procedure in the S-step
[Kuhn and Lavielle, 2004]
[Allassonniére et al., 2010] 31




A New Class of EM Algorithms

4.2 A New Stochastic Approximation Version of the EM
Algorithm
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The SAEM algorithm

e Sequence of positive step-size (Vx)ren-

S-step: Sample z; under the posterior
density q(-|y; 0)

SA-step: Update si(6) as
se+1(0) = s(0) + 7 (S(y, 21) — sk(0)) ;

M-step: Maximize Qk1 in O:

Orr1 € argmax Qp11(0).
o

32




A New Stochastic Approximation Version of the EM Algorithm

The SAEM algorithm

Juliette Chevallier
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The approximated-SAEM algorithm

e Sequence of positive step-size (Vx)ren-

S-step: Sample z; under the posterior
density q(-|y; 0)

SA-step: Update si(6) as

sk+1(0) = sk(0) + v (S(y, z1) — s(0)) ;

M-step: Maximize Qk1 in O:

Orr1 € argmax Qp11(0).
o

e Sequence of approximated-distributions
on Z x ©: ¢ = (Gk)ken-

S-step: Sample Z; under the approximated
density g (-; 6k)

SA-step: Update si(6) as
sk+1(0) = sk(0) + v (S(y, 2) — sk(0)) ;

M-step: Maximize Q11 in O:

Ok4+1 € argmax Qp41(0).
fco

32




Convergence Toward Local Maxima

Convergence for curved exponential families

Juliette Chevallier
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The approximated-SAEM algorithm

We adapt (M1), (SAEM3), (SAEM4) to have
regularity against q and q.

Approx: Yy € YV, VK C © compact,

lim < su 5@ z;0)
o L o uq;, ))dM(Z)}=0-

e Sequence of positive step-size (V)ren-

e Sequence of approximated-distributions
on Z x ©: ¢ = (Gk)ken-

S-step: Sample Z; under the approximated
density G;.(-; 0k)
SA-step: Update si(6) as
sk+1(0) = sk(6) + (S (y, 2) — 5(0)) ;
M-step: Maximize Q11 in O:

Ok4+1 € argmax Qp41(0). 23
fco




Convergence Toward Local Maxima

Convergence for curved exponential families
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The approximated-SAEM algorithm

We adapt (M1), (SAEM3), (SAEM4) to have
regularity against q and q.

Approx: Yy € Y, VI C © compact,

lim {sup/S )(Gx (2 0)
k—o0 9ckC
~q(el3:6)) du(2) } =o0.
Convergence approximated-SAEM

Assume (M*1-5), (SAEM*1-4) and the
compactness condition. Then, for any initial

ety lim d(fy, L) =0,
k—oo

e Sequence of positive step-size (V)ren-

e Sequence of approximated-distributions
on Z x ©: ¢ = (Gk)ken-

S-step: Sample Z; under the approximated
density G;.(-; 0k)
SA-step: Update si(6) as
sk+1(0) = sk(6) + (S (y, 2) — 5(0)) ;
M-step: Maximize Q11 in O:

Okt+1 € argmax Qp41(0). 23
fco




A New Class of EM Algorithms

4.3 A Tempering Version of the SAEM Algorithm
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1.4 : —— T'(iter)
! — — — Nburnin
1) /\‘ Temperatures: T = (T})ren sequence of positive numbers s.t.
AN . . .
! v i/ lim Ty = 1. Let ¢y(T}) is a scaling constant.
0.8 : k—o0
|
0.6 ! S (o)) — 1 . 0\ YTy,
0 500 1,000 1,500 2,000 qk(z’ 9) co(Tk) q(z‘y’ 9)
(a) Tempering scheme
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0.4 — T =2
T=05
0.2 kE+exr
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Application to Gaussian Mixture Models

(a) Dataset |

(b) Dataset Il
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1. Generic approach to study non-monotonous dynamics on Riemannian manifolds:
e Nonlinear mixed effects model,
e Spatio-temporal deformation of a group-representative trajectory;
2. Demonstration of the existence and the consistency of the MAP estimator for this

generic model;

3. Application to chemotherapy monitoring:
e through RECIST score «+— Piecewise-logistic curve model,
e through Anatomical Shapes <— Piecewise-geodesic shape model;

4. New stochastic approximation version of the EM algorithm and demonstration of the

convergence toward local maxima;

5. Building on simulated annealing techniques, an instantiation of this general procedure
to favor convergence toward global maxima. 39
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Deformable template model: [D'Arcy Thompson, 1942, Grenander, 1993].

Let M C R% G a group of deformations and &g € M a template shape.
— Transitive action of G over M — Shape space G - xg .

Deformation metric mapping: [Dupuis et al., 1998, Beg et al., 2005]

dg a right-invariant metricon G — djs pseudo-metric on M:
vy E iy el = M el || gos =l
The large deformation diffeomorphic metric mapping or LDDMM framework endows (a

restriction of ) G with a tractable metric.
48
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Models in constant improvement:

e [Kim et al., 2014] Generalization of the geodesic hierarchical model.
— Riemannian nonlinear mixed effects model.

Emp(f)azp(b,', i T, (V) (m(ti,]‘ —to — T,,))) 3 €iyj )
Exp (b; u;)

where I'y 3, (v) € Ty, M = parallel transport of v € T, M from b to b;.
High complexity of the model — impossible to estimate exactly the parameters.

Yij
)

b;

e [Koval et al., 2018] Generic spatio-temporal model for the study of networks.
e [Bone et al., 2018] Generic spatio-temporal model for the LDDMM framework.

o [Debavelaere et al., 2019] Generic spatio-temporal model into a mixture model. 29
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